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Abstract. Let M{S) be the Banach algebra of all hounded regular Borel measures 
on a locally compact Hausdorff semitopological semigroup S with variation norm and 
convolution as multiplication. We obtain necessary and sufficient conditions for 47(5)* 
to have a topologically left invariant mean. 
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1. Introduction 

Let 5 be a locally compact Hausdorff semitopological semigroup with convolution mea¬ 
sure algebraM(5) and probability measures Mo{S). We know that M(5) is a Banach alge¬ 
bra with total variation norm and convolution. The first Arens multiplication on M{S)* is 
defined in three steps as follows. 

For ji, V in M{S),f in M{S)* and F,G in M{S)**, the elements fll,Ff of M{S)* and 
GF of are defined by 

(/ji,v) = (/,M*v), {Ff,fi) = {F,ffi), {GF,f) = {G,Ff). 

Denote by 1 the element in M{S)* such that (1, Jt) = jJ.{S),jX S M{S). A linear func¬ 
tional M G M(S)** is called a mean if {M,f) > 0 whenever / > 0 and (M, 1) = 1. 
Each probability measure G Mo{S) is a mean. An application by the Hahn-Banach 
theorem shows that Mo{S) is weak* dense in the set of means on M{S)*. A mean M 
is topological left invariant if {M,fp.) = {M,f) for any p G Mo(S) and / G M{S)*. 
We shall follow Ghaffari Q and Wong 11411.51 for definitions and terminologies not 
explained here. We know that topologically left invariant mean on M{S)* have been 
studied by Riazi and Wong in m and by Wong in Qm]. They also went further 
and for several subspaces X of M{S)*, have obtained a number of interesting and nice 
results. 

The existence of topologically left invariant means and left invariant means for groups 
was investigated widely by Paterson |3 and Pier CqI. Other important studies on 
amenable semigroups are those of Argabright Q, Day El, Lau la, and Mitchell 0. For 
further studies and complementary historical comments see II3I9I10I . 

Let Mo{S) have a measure v such that the map i 5^ * V from S into M{S) is continu¬ 
ous. The author recently proved that the following conditions are equivalent; 
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(a) M{S)* has a topologically left invariant mean; 

(b) there is anet (fia) inMo(5) such that for every compact subset/T of 5, — IJ-a\\ 

0 uniformly over all jx in Mo{S) which are supported in K. 

In this paper, we obtain a necessary and sufficient condition forM(5)* to have a topo¬ 
logically left invariant mean. 


2. Main results 

Throughout the paper, 5 is a locally compact Hausdorff semitopological semigroup. We 
say that S is semifoundation if there is a measure v £ Mo{S) such that the map x 5v * V 
from S into M{S) is continuous. It is clear that every foundation semigroup is also a 
semifoundation semigroup (for more on foundation semigroups, the reader is referred to 
121 and Q). We recall that a mean M is left invariant if {M,f5x) — {M,f) for any x € S 
and / £ M{S)*. Obviously, a topologically left invariant mean on M{S)* is also a left 
invariant mean on M{S)*. 

PROPOSITION 1. 

Let S be a semifoundation semigroup. Choose V £ Mq{S) such that the map x ^ 5x*V 
from S into M{S) is continuous. If M £ M{S)** is a left invariant mean on M{S)* and 
(M,fv) = {M,f) for each f £ M{S)*, then M is a topologically left invariant mean on 
M{S)*. 

Note that this is Proposition 22.2 of Co), which was proved for groups. However, our 
proof is completely different. 

Proof. Suppose that / £ M{S)* and jj. £ Mq{S). For every x £ 5, we can write 
{M,f5x*v) = {Mj5x) = {M,f). 

It follows that 

J{Mf,5x*v)dpix) = {MJ). (1) 

Since x 5^ * V is continuous, by Theorem 3.27 in (m , it is easy to see that 

j {Mf, dx*v)dix (x) = {Mf, ii*v) = {MJii*v). (2) 

Hence, using (1) and (2), {M,fp. * v) = {M,f). By hypothesis, 

{M,fp*v) = (M,{fp)v) = (MJp). 

Consequently {M,f) = {M,fii), i.e., M is a topologically left invariant mean on 
M{S)*. □ 

Our next result gives an important property that characterizes topologically left 
amenability of M{S)*. 

Theorem 1. Let S be semifoundation semigroup with identity. Then the following state¬ 
ments are equivalent. 
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(1) M{S)* has a topologically left invariant mean; 

(2) for all n and pi,... ,IJ.„ G M(S), 

inf{sup{||^, *^|l;l < i < n},p GMo{S)} < sup{|^,(5)|; 1 < i < n}. 


Proof Let M{S)* have a topologically left invariant mean. Let pi,... ,pn G M{S), e > 0 
and put 5 — e(2 + sup{||/i,||; 1 <i<n})^^. There exists a compact subset/Tin S such that 
\Pi\{S\K) < 5 whenever i= l,...,n. By Theorem2.2 in Q, there exists a measure p in 
Mo {S) such that the map xi-^ 5x*p from S into M{S) is continuous and 115;^ /r — /X11 < 5 
for any x G K. Thus, for every i = and / G M{S)*, by Theorem 3.27 in [V2\ . we 

can write 


\{f,Pi*p-Pi{S)p) \ = 


J {f,5.,*p)dpfx)-pi{S){f,p) 

j{{f,Sx*p) - {f,p))dpi{x) 


= j{f,S,^p-p)dpi{x) 

= / {f,Sx*p-p)dpi{x) 

JS\K 

+ / {f,5^*p-p)dpi{x) 

JK 

<2\pMS\K)\\f\\ + 5\\f\\\pm 
<25\\f\\+5\\f\m\ 

= 5\\f\\(2+\\p,\\)<e\\f\\. 

It follows that \\pi* p — Pi{S)p\\ < e whenever i= Consequently 

sup{||^,*^||;l < i < n} < sup{|^;(5)|;l <i<n} + s. 


Therefore 


inf{sup{||^;=i=^||; 1 < i<n};p GMo{S)} < sup{|^,(5)|; 1 <i <n}. 

Conversely let /ii,... GMo{S) and e > 0. For any i=l,...,n, consider v, = Pi — 5e- 
We have V,(5) = 0 whenever / = 1,... ,n. By assumption, 

inf{sup{|| Vi *p\\;l < i < n}; p G Mo{S)} = 0. 

Thus there exists p G Mo{S) such that 

sup{||v/*/i||; 1 <!<«}<£, 

i.e., for every i= \\pi*p — fl|| < e. By Theorem 2.2 in Q, M{S)* has a topolog¬ 
ically left invariant mean. □ 
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Let y be a locally convex Hausdorff topological vector space and let Z be a compact 
convex subset of V. The pair {Mo{S),Z) is called a semiflow, if; 

(1) There exists a map p: M{S) xV ^ V such that for every z € Z, the map 
p{—,z): M{S) ^ y is continuous and linear {M{S) has the topology a{M{S), 

(2) p(Mo(5),Z)CZ; 

(3) Foranyp,v GM{S) and z G Z,p(p,p(v,z)) =p(p*V,z). 

We remind the reader of our notation conventions: 
pz = p(p,z), flGM{S),z€Z. 

Theorem 2. Let S be a semitopological semigroup. The following statements are equiv¬ 
alent. 

(1) M{S)* has a topologically left invariant mean; 

(2) for every f G M{S)*, there exists a mean M such that {M,fp) = {M, fv) for any p, V 
in Mq{S); 

(3) for any semiflow {Mq(S),Z), there is some z & Z such that flz = Z for all 
p GMo(5). 

Proof. (1) implies (2) is easy. 

Now, assume that (2) holds. We will show that M{S)* has a topologically left invariant 
mean. To each / G M{S)*, we associate the non-void subset 

% = {M G a; (M,/p) = {M,fv) for all p, v G Mo{S)}, 

{Q. is the convex set of all means on M{S)*.) The sets Q.f are obviously weak* compact. 
We shall show that the family {f2/;/ G M(5)*} has the finite intersection property. Since 
Q. is weak* compact, it will follow that 

n{%;/GM(5)*}^0; 

and if M is any member of this intersection, then is a topologically left invariant mean 
on M{S)*. 

We proceed by induction. By hypothesis, Q.f f 0 for each / G M{S)*. Let n G 
N,/i,... ,/h G M{S)* and assume that f 0. If M\ is a member of this intersection 

and if Mi G then for every p, v in Mq{S) we have 

{MiMufnfl) = (M2,Mi/„p) = (MiMifnV) = (MiMufnV) 

and, for / = 1,..., n — 1, 

(MiMiJip) = (M 2 ,Mi/;-p) =lim(p„,Mi/;-p) 

a 

= lim{Mifp,pa) = lim(Mi, (/;p)pa) 

= lim(Mi ,/;p > 1 = Pa) = lim(Mi ,/; v Pa) 
a a 

= lim{Mi,{fiV)fla) = lim(pa,Mi/;v) 

= {MiMufv). 
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(Recall that Mq{S) is weak* dense in Q., and so there is a net {/Ta} in Mo{S) such that 
Pa Ml in the weak* topology.) Hence M 2 M 1 S . Thus G M(5)*} has the 

finite intersection property, as required. So (1) is equivalent to (2). 

To prove that (1) and (3) are equivalent, let (Mo(5),Z) be a semiflow on a compact 
convex subset Z of a locally convex Hasudorff topological vector space V. If / G V* and 
z G Z, we consider the mapping/^: M{S) C given by (/^,/r) = {f,pz). It is easy to see 
that G M{S)*. Let D. be the convex set of all means on M{S)*. ForM G we can define 
T{M): V* —>■ C given by {T{M),g) = {M,g^) (g G V*). One easily notes that T(M) is 
linear. Now, we embed V into the algebraic dual V*' of V* with the topology o{y*','V*). 
Since Z is compact in V, it is closed in V*'. On the other hand, for every h G V* and 
p G Mo{S), we have 

{T{p),h) = {p,h^) = {h,pz) = {pz,h). 

It follows that the Mo(5)-invariance of Z implies that T{p) G Z. Since Mq{S) is weak*- 
dense in Q. and Z is closed in V*', we conclude that T{M) G Z for every M G O. If /r G 
Mo{S), we consider Z ^ Z by A^(z) = pz(z G Z). Now let M he a topologically left 
invariant mean on M{S)*. For every h GV* and p G Mo{S), we have 

{pT{M),h) = {T{M),hoX^) = {M, ihoX^,Y) 

= {M,h^p) = {M,lf) 

= {T{M),h). 

So pT{M) = T{M) for every p G Mq{S), i.e., T{M) is a fixed point under the action of 
MoiS). 

To prove the converse, we know that the set O is convex and weak*-compact in M{S)**. 
We define the semiflow {Mq{S),Q.) by putting p{p,F) — pF for p G M{S) and F G 
M{S)**. By hypothesis, there exists M gTI that is fixed under the action of Mo{S), that is 
pM = M for every p G Mo{S). It follows that M is a topologically left invariant mean on 
M{S)*. This completes our proof. □ 

A right action of M(S) on M{S)* is a map T: M{S) x M{S)* —^ M{S)* (denoted by 
{p,f) 1 -^ Tf^{f),p G M{S) and / G M{S)*) such that 

(1) {p,f) 1 -^ 7)i(/) is bilinear and = TV o for any p,V £ M{S), 

(2) Tfi'. M{S)* M{S)* is a positive linear operator and ^^(l) = 1 for any p G Mq{S). 

Let A be a linear subspace of M{S)* with I GX. We say that M G X* is a mean on X if 

{M,f) > 0 if / > 0 and (M, 1) = LA mean M is Mo(5)-invariant under the right action 
T if (M, Tn (/)) = {M,f) for any p G Mo(S) and f GX. We say that X is Mo(5)-invariant 
under the right action T if (A) C A for any p G Mq{S). 

Theorem 3. Let S be a semitopological semigroup. The following satatements are equiv¬ 
alent. 

(1) M{S)* has a topologically left invariant mean; 

(2) for any separately continuous right action T: M{S) x M{S)* —> M{S)* of M{S) on 
M{S)* (M{S) has the topology <j{M{S),M{S)*) and M{S)* has the weak topology) 
and any Mo{S)-invariant subspace X of M{S)* containing 1, any Mo{S)-invariant 
mean M onX can be extended to a MQ{S)-invariant mean ./ff on M{S)*. 



458 


Ali Ghajfari 


Proof. Let M{S)* have a topologically left invariant mean, and let 

T:M{S)xM{S)* -^M{S)* 

be a separately continuous right action of M{S) on M{S)* and M be a mean on Mo{S)- 
invariant subspace X of M{S)*. Let 

Z = {.Jf G .yff is a mean on and extends ,/#}. 

By the Hahn-Banach theorem, Z 0. It is easy to see that Z is a weak* closed 
convex subset of the unit ball in M{S)**, and is therefore weak* compact. Define 
p; M{S)xM{S)** by p(p,L’) = T*{F),ix G M{S), F GM{S)**. Notice that, 

since T: M{S) xM{S)* M{S)* is a separately continuous right action of M{S) on 
M{S)*, it is clear that 

p{-,F):M{S)^M{Sr 

is continuous for any F GM{S)**{M{S) has the topology (t(M( 5),M(5)*) andM(5)** has 
the topology (7(M(5)**,M(5)*)). On the other hand, it is clearthat eachp(—jF); M{S) 
M{S)** is linear since T:M{S) xM{S)* ^M{S)* is bilinear. Let^ S and p GMo{S). 
Since 7)j; M{S)* ^ M{S)* is positive linear and 7|i(l) = 1, so T*{.JSC) is a mean on 
M{S)*. Now, let f GX we have 

This shows that G i.e., p(Mo(5),Z) C Z. Let p, V G M{S) and 

G . Since T: M{S) x M{S)* —> M{S)* is an anti-homomorphism of M{S) into the 
algebra of linear operators in M(5)*, therefore 

(p(p,p(v„^)),{) = (r;(p(v,.#)),{) = 

= (p(p*v,,^),{) 

for any / G M{S)*. This shows that p(p,p(v,,^)) = p{p* V,,^) for any p, v in M{S) 
and G iF. As we saw above, the pair (Mo(5),Z) is a semiflow. By Theorem 2, there 
is some ,/# G such that T*{.J^) — p[p,./^) = .Jf for each p G Mq{S). .Jf is then the 
required extension of M. 

Conversely, we define a right action T : M{S) x M{S)* M(5)* by putting (/) = /p 
for p G M{S) and / G M{S)*. We claim that it is separately continuous. If pa —> p in the 
(7{M{S),M{S)*), then for any F G we have 

(F,7m„(/)) = (FJPa) = {Ff,Pa) ^ {Ff,p) 

= {FJp) = (FJ^if)). 

On the other hand, it is easy to see that every T^: M{S)* M{S)* is continuous (M{S)* 

has the weak topology). Now choose X to be the constants and define {M, a -1) = a, for 
any a • 1 GX. ThenM is a mean on X satisfying (M,(/)) = {M,f) for any p G Mo{S) 
and f GX. Any invariant extension of M to M{S)* is necessarily a topologically left 
invariant mean on M{S)*. This completes our proof. □ 

The above characterization of topologically left invariant mean on M{S)* is an analogue 
of Silverman’s invariant extension property in ini 
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